Pulsars are believed to be sources of relativistic electrons and positrons. The abundance of detections of γ-ray millisecond pulsars by Fermi Large Area Telescope coupled with their light curve characteristics that imply copious pair production in their magnetospheres, motivated us to investigate this old pulsar population as a source of Galactic electrons and positrons and their contribution to the enhancement in cosmic-ray positron flux at GeV energies. We use a population synthesis code to predict the source properties (number, position, and power) of the present-day Galactic millisecond pulsars, taking into account the latest Fermi and radio observations to calibrate the model output. Next, we simulate pair cascade spectra from these pulsars using a model that invokes an offset-dipole magnetic field. We assume free escape of the pairs from the pulsar environment. We then compute the cumulative spectrum of transported electrons and positrons at Earth, following their diffusion and energy losses as they propagate through the Galaxy. Our results indicate that the predicted particle flux increases for non-zero offsets of the magnetic polar caps. Comparing our predicted spectrum and positron fraction to measurements by AMS−02, PAMELA, and Fermi, we find that millisecond pulsars are only modest contributors at a few tens of GeV, after which this leptonic spectral component cuts off. The positron fraction 1 On leave from Institut für Experimentelle und Angewandte Physik, ChristianAlbrechts-Universität zu Kiel, Leibnizstrasse 11, 24118, Kiel, Germany
Introduction
PAMELA was the first experiment to provide firm evidence of a rising positron fraction (PF), defined as φ(e + )/[φ(e + ) + φ(e − )], of the terrestrial (leptonic) interstellar spectrum above ∼ 10 GeV (Adriani et al., 2009 ). The Fermi Large Area Telescope (LAT) has confirmed this result (Ackermann et al., 2012) , and PAMELA has recently extended the measurement range up to 300 GeV (Adriani et al., 2013) . AMS−02 has now provided a PF measurement in the range 0.5 − 350 GeV (Aguilar et al., 2013) for 18 months of data, and improved spectra for 30 months of data (Aguilar et al., 2014; Accardo et al., 2014) , extending the PF up to 500 GeV and indicating a levelling off of this fraction with energy, as well as finding the PF to be consistent with isotropy.
Positrons are believed to be mainly created during inelastic collisions involving cosmic-ray nuclei and intergalactic hydrogen, which produce charged pions that in turn decay into positrons, electrons, and neutrinos. The fraction of such a secondary positron component with respect to the total leptonic cosmic-ray spectrum is expected to smoothly decrease 2 with energy (e.g., . However, the AMS−02 electron spectrum is softer than the positron flux in the range 20 − 200 GeV (Aguilar et al., 2014) , and the measured PF rises with energy, pointing to nearby sources of primary positrons. Moreover, the rising PF can be ascribed to a hardening of the positron spectrum (up to 200 GeV, after which it softens with energy), and not a softening in electron spectrum above 10 GeV.
The purported additional source of primary positrons may be either of astrophysical or dark matter annihilation origin (e.g., Fan et al., 2010; Porter et al., 2011) . The first case may include supernovae (e.g., Blasi, 2009; Delahaye et al., 2010) , pulsar wind nebulae (e.g., Serpico, 2012) , mature pulsars (Zhang & Cheng, 2001) , and millisecond pulsars (MSPs; Kisaka & Kawanaka, 2012) . The detection of a potential anisotropy in lepton flux may be an important discriminator between dark matter vs. pulsar scenarios (Accardo et al., 2014) , although this may depend on the number of individual sources that collectively contribute to the cosmic-ray lepton spectrum at Earth. Alternatively, there have been several attempts (e.g., Shaviv et al., 2009; Cowsik & Burch, 2010; Blum et al., 2013) to modify the standard Galactic cosmic-ray transport models in order to explain the observed rise in PF with energy purely by secondary positrons originating in the interstellar medium, but Moskalenko (2013) , however, does not find these arguments convincing.
The presence of γ-ray photons and intense magnetic fields in pulsar magnetospheres facilitate copious electron-positron pair production (Sturrock, 1971; Daugherty & Harding, 1982) , making pulsars prime candidate sources of primary Galactic leptons. We previously studied the contribution to the terrestrial electron spectrum by the nearby MSP PSR J0437−4715 (assuming a pair-starved potential) as well as Geminga, and found that the latter may contribute significantly, depending on model parameters (Büsching et al., 2008a) . Büsching et al. (2008b) also noted that Geminga and PSR B0656+14 may be the dominant contributors to the terrestrial positron flux, and may be responsible for an anisotropy of up to a few percent in this flux component, depending on model parameters. Moskalenko (2013) however notes that to date the pulsar scenario lacks convincing calculations of the number of ejected particles and their spectrum.
In this paper, we carefully assess the contribution of MSPs (excluding those found in the globular clusters) to the cosmic-ray lepton spectrum at Earth, given the large number of Fermi -detected Galactic γ-ray MSPs (Abdo et al., 2013) , and the fact that their measured light curves imply abundant pair production even for this much older pulsar class (Venter et al., 2009 ). We use a population synthesis code to predict the source properties (Section 2) and a pair cascade code to find realistic injected pair spectra (Section 3). We next combine inverse Compton (IC) scattering of leptons on the interstellar radiation field (ISRF; Section 4) and their synchrotron radiation (SR) in the Galactic B-field (Section 5) into an effective loss term (Section 6), and use this together with a prescription for particle diffusion when solving a transport equation (Section 7) to calculate the spectra at Earth (Section 8). We discuss our results Section 9. More details will be provided in Venter et al. (2014) .
Present-Day Distribution of Galactic MSPs
We implement the results of a new study by Gonthier et al. (2014) of the population synthesis of radio and γ-ray MSPs that lead to the presentday distribution of MSPs. This distribution of MSPs is assumed to be an equilibrated one within the Galaxy. Its evolution has been described in Section 3 of Story et al. (2007, hereafter SGH) , where the radial (ρ in cylindrical coordinates) distribution was assumed to be that of the work of Paczyński (1990) , with a radial scaling of 4.5 kpc and a scale height of 200 pc instead of 75 pc used in that work. In addition, we implement the supernova kick velocity model of Hobbs et al. (2005) using a Maxwell distribution with a width of 70 km s −1 . The Galaxy is seeded with MSPs treated as point particles with ages going back to the past 12 Gyr assuming a constant birth rate of 4.5 × 10 −4 MSPs per century as obtained in SGH. The MSPs are evolved in the Galactic potential from their birth location to the present time.
We assume that MSPs are "born" on the spin-up line with initial period P 0 dependent on magnetic field B 0 , which we assume does not decay with time. We use a power-law distribution for the B-fields, similar to SGH. The simulation prefers a power-law distribution of periods P 0 (B 8 ), with B 8 = B 0 /(10 8 G), and with an index α B (as in SGH). We achieve improved agreement with the new simulation with an index of α B = −1.3 as opposed to the value α B = −1 used in SGH.
We assume a distribution of mass accretion birth lines, from the Eddington critical mass accretion rate to about 10 −3 of this value, following the study by Lamb & Yu (2005) . We parameterise the mass accretion rates with a line in theṖ − P diagram as was done in Eq. (5) of SGH.
Force-free electrodynamic solutions for the magnetosphere (Spitkovsky, 2006) led to the following description of the pulsar spin-down power L sd :
where µ is the magnetic dipole moment, Ω is the rotational angular velocity, c is the speed of light, and α is the magnetic inclination angle relative to the pulsar's rotational axis. This is similar to the results of Li et al. (2012) for resistive magnetospheres and those of Contopoulos et al. (2014) for force-free magnetospheres with current layers that depart from these ideal conditions. Equating L sd to the rate of rotational energy loss, solving for B 0 , and integrating this result over the age t of the pulsar provides the present-day period P :
We assume R = 12 km and M = 1.6 M ⊙ , where M ⊙ is the mass of the Sun. We use a moment of inertia of I = 1.7 × 10 45 g cm 2 (Pierbattista et al., 2012) .
Electron-Positron Pair Spectra
We calculate the source spectra using a code that follows the development of a polar cap electron-positron pair cascade in the pulsar magnetosphere (details of the calculation can be found in Harding & Muslimov, 2011) . The pair cascade is initiated by curvature radiation of electrons accelerated above the polar cap by a parallel electric field, derived assuming space-charge-limited flow (i.e., free emission of particles from the neutron star surface). A fraction of the photons undergo magnetic pair attenuation (Erber, 1966; Daugherty & Harding, 1983) , producing a first-generation pair spectrum which then radiates synchrotron photons that produce further generations of pairs.
The total cascade multiplicity (average number of pairs spawned by each primary lepton) is a strong function of pulsar period P and surface magnetic field strength B 0 , so that many pulsars with low B-fields and long periods produce either few or no pairs, leading to a pair death line in theṖ − P diagram.
The sweepback of magnetic field lines near the light cylinder (where the corotation speed equals the speed of light) as well as non-symmetric currents within the neutron star may cause the magnetic polar caps to be offset from the dipole axis. This may in turn lead to enhanced local electric fields, boosting pair formation, even for pulsars beyond the pair death line for pure dipole fields. We include this effect by using an offset-dipole magnetic field and find pair spectra (Figure 1 ) characterised by P ,Ṗ (or equivalently, B 0 ), and offset parameter ε (Harding & Muslimov, 2011) . About ∼ 1% of L sd is tapped to generate the pairs.
We used a grid in P and B 0 and interpolated the spectra to find an adequate injection spectrum for each source in the present-day MSP population (Section 2). We used an inclination angle of α = 45
• , mass M = 2.15M ⊙ , radius R = 9.9 km, and moment of inertia I = 1.56 × 10 45 g cm 2 for all MSPs 3 . We used dipole offsets of ε = (0.0, 0.2, 0.6) and set φ 0 = π/2 (this parameter controls the direction of offset of the polar cap).
Since MSPs are not surrounded by nebulae that can trap the pairs and degrade their energy before escape, we can assume that the pair spectra emerging from the MSPs are good representations of the intrinsic source spectra. The majority of MSPs are in binary systems and a subset of these, the black widows and redbacks, may contain strong interbinary shocks that can further accelerate the pairs. We will neglect the contribution from these sources here, but plan to treat this potentially important component in a future paper (Venter et al., 2014) .
Interstellar Radiation Field (ISRF)
In order to calculate IC losses suffered by leptons propagating through our Galaxy, one needs to know the spectral and spatial properties of Galactic "background photons" or ISRF. Optical stellar photons as well as infrared (IR) photons that result from scattering, absorption, and re-emission of the stellar photons by dust in the interstellar medium contribute to this field (Porter et al., 2008) .
The GALPROP code includes a detailed ISRF model that incorporates a stellar population model, dust grain abundance and size distribution, as well as the absorption and scattering efficiencies of the latter (see also Moskalenko et al. 2006; Porter et al. 2006 Porter et al. , 2008 . The ISRF is adequately approximated by three black-body components (optical, IR, and cosmic microwave background or CMB), and we will use average photon energy densities to calculate the IC loss rate (see Eq. [8] ). One can distinguish between two main spatial regions: the Galactic Plane and the Galactic Halo. For the Plane, we use U optical = U IR = 0.4 eV cm −3 , and U CMB = 0.23 eV cm −3 (Schlickeiser & Ruppel, 2010) , while for the Halo, we use U optical = 0.8 eV cm −3 , U IR = 0.05 eV cm −3 , and U CMB = 0.23 eV cm −3 (Blies & Schlickeiser, 2012) .
The Galactic Magnetic Field
We are interested in an average field strength that would determine the SR loss rate (Eq. [3]), and not so much in the overall Galactic field structure (which is still under debate). The total field has been estimated to be around 6 µG, averaged over a distance of 1 kpc around the Sun, using radio SR measurements and equipartition arguments. This number increases to ∼ 10 µG closer to the inner Galaxy (see Beck, 2009 , and references therein). Han et al. (2006) used a combination of dispersion and rotation measures of over 500 pulsars and found that the regular B-field component 4 decreases from ∼ 6 µG near a Galactocentric distance of 2 kpc to ∼ 1 µG near 9 kpc; the value is ∼ 2 µG near the Sun (see Figure 11 of Han et al., 2006) . Furthermore, the mean regular field as function of latitude is inferred to vary between ∼ −5 µG and ∼ 5 µG (Han et al., 2006) . Orlando & Strong (2013) inferred values of ∼ 2 µG, ∼ 5 µG, and ∼ 2 µG for the local regular, random, and anisotropic field components in the Disc via Galactic SR modelling. The average total field however decreases when taking into account its rapid decay with height above the Plane. Delahaye et al. (2010, hereafter D10) therefore argue that the relevant B-field (the square root of the sum of averages of the squares of all field components) to be used in SR calculations may reasonably be 1 − 3 µG.
Total Leptonic Energy Loss Rate
The SR loss rate is given bẏ
with σ T the Thomson cross section, m e the electron mass, c the speed of light, E the particle energy, and U B the magnetic energy density 
with the critical Klein-Nishina Lorentz factor defined as
If γ ≪ γ KN,i , we recover the well-known expression for the Thomson limit (Blumenthal & Gould, 1970 
The Klein-Nishina correction is only necessary for optical photons, where γ KN,i ∼ 10 5 . The IC loss rate for particles with Lorentz factors above γ KN,i is severely suppressed. For simplicity, one may choose to neglect this correction, which implies an overestimation of the IC loss rate for particles at the highest energies. This, however, allows the introduction of an effective B-field, B eff = qB, which simulates the effect of adding the IC and SR losses (Blies & Schlickeiser, 2012) : 
If one considers typical constant average values of B = 2 − 3 µG for the Galactic Plane and B = 1 µG for the Galactic Halo, one ends up with B eff ≈ 7 µG in both cases. This is because the increase in U optical is coupled with the decrease in both U IR and B as one moves from the Galactic Plane to the Halo. However, to account for the fact that the Thomson loss rate overestimates the true IC loss rate, we will rather use values of B eff = 2 µG and B eff = 5 µG, which should give a reasonable range for the predictions of cosmic ray lepton flux from nearby MSPs.
Transport Model
We solve a Fokker-Planck-type transport equation
with n e the lepton density (per energy interval). Also, K denotes the diffusion tensor andĖ energy losses, while S is the source term. We consider a steadystate case, as well as spatially-independent diffusion (so that K becomes only a function of energy, κ(E)), assuming a power-law dependence on energy:
and we assume typical values of α = 0.6, E norm = 1 GeV, and κ 0 = 0.1 kpc 2 Myr −1 ≈ 3 × 10 28 cm 2 s −1 (e.g., . The source term refers to the pair spectra Q i of N ∼ 4×10 4 Galactic MSP sources
Here, r 0,i are the source positions. For an infinite system, Eq. (13) is solved by the following Green's function (e.g., Delahaye et al., 2010; Blies & Schlickeiser, 2012) :
with E 0 the particle energy at the source, and the square of the propagation scale characterised by
and Θ(E 0 − E) the Heaviside function. The latter is used to ensure that λ > 0. The lepton flux may then be found using
While the finite boundary of the Galactic Halo should impact the solution, this effect is not too large for GeV leptons, for which the propagation scale is only a few kpc (D10), and we neglect it here for simplicity. We furthermore neglect the effect of solar modulation, which is mainly relevant for leptons below the GeV band.
Results
Figure 2 indicates the "background" electron and positron fluxes predicted by D10 (we use their secondary positron flux as well as the sum of their secondary electron flux and primary electron flux originating in distant supernova remnants, as indicated in their Figure 14) , as well as data from Fermi (Ackermann et al., 2012) , PAMELA (Adriani et al., 2013) , and AMS−02 (Aguilar et al., 2014) . We furthermore indicate primary electrons and positrons from MSPs for dipole offsets of ε = (0.0, 0.2, 0.6) and Galactic B-fields of B eff = 2 µG and B eff = 5 µG. The various curves are distinguished in the Figure caption . Figure 3 shows the measured PF (e.g., Accardo et al., 2014) as well as the D10 and (D10 + MSP) contributions. The largest contribution is found in the case of ε = 0.6 and B = 2 µG. The contribution is lower for ε = 0.6 and B eff = 5 µG, and negligible for ε = 0.0 and ε = 0.2.
Conclusion
In this paper, we carefully assessed the contribution of MSPs to the cosmicray lepton spectrum at Earth using a population synthesis code and a pair cascade code to calculate realistic source spectra. We find that the predicted MSP contribution increases for non-zero values of ε. This is expected, since a larger value for the offset of the surface B-field with respect to the nonperturbed magnetic axis leads to an increase in the acceleration potential for some regions in azimuthal phase (and a decrease in others). This in turn results in an enhancement in both the number of particles (since the multiplicity will be higher) as well as the maximum particle source energy. We find that the MSPs make only a modest contribution to the terrestrial cosmic ray flux at a few tens of GeV, after which this spectral component cuts off.
The effect of different Galactic B-fields is also shown. Increasing B eff leads to an increased energy loss rateĖ SR (E) ∝ B 2 eff and a decrease in particle flux. We will address the effect of including Klein-Nishina corrections to the total loss rate in a future work (Venter et al., 2014) . The result should however be in a similar range, while the spectral shape may change somewhat, since the high-energy particles will suffer smaller loss rates and hence have longer survival times.
Although the PF is somewhat enhanced above 10 GeV, our added MSP component fails to reproduce the high-energy rise for the parameters considered. This implies alternative sources of primary positrons such as young, nearby pulsars or supernova remnants. Kisaka & Kawanaka (2012) suggested that pair-starved MSPs may be responsible for a large peak in the total electron spectrum at ∼ 10 − 50 TeV, and that non-pair-starved MSPs with multiplicities of ∼ 2 000 may contribute significantly (near 100%) to the PF above 10 GeV. There are, however, a number of differences in our respective approaches. Kisaka & Kawanaka (2012) use fixed values for P and B 0 for all members in their population. They furthermore assumed energy equipartition between the particles and the B-field, which seems to imply η ∼ 50%, while we find η ∼ 1%. They assume a lower average Galactic B-field (B = 1 µG) as well as including a Klein-Nisihna correction for their IC losses. Finally, they integrate the injected spectra over the age of the MSPs while we follow a steady-state approach. Most if not all of these differences should lead to an enhanced particle flux in their case.
It is possible that there is a contribution from MSPs very close to Earth that may have gone undetected thus far due to beaming properties, intrinsic faintness, or difficulty of radio detection in eclipsing and/or black widow binaries. Such a contribution would however be difficult to quantify. We have also noted that MSPs binary systems, such as black widows or redbacks, may further accelerate the electron-positron pairs in strong interbinary shocks, and we will investigate this potentially important contribution in a future paper (Venter et al., 2014) , where we will also consider the effect of different assumptions for the magnitude and energy dependence of the spatial diffusion coefficient. shown, but the electrons are assumed to have identical spectra) appear at the bottom of the plot. From bottom to top (purple, blue, and cyan), these spectra are for ε = 0.0, 0.2, and 0.6. The addition of the various MSP components to the background flux of D10 is indicated using the same colour convention. Dashed lines are for B eff = 2 µG and dotted lines for B eff = 5 µG. Also shown are data from PAMELA (red; Adriani et al., 2013) , Fermi (orange; Ackermann et al., 2012) , and AMS−02 (yellow; Aguilar et al., 2014) , accessed via the website http://lpsc.in2p3.fr/cosmic-rays-db (Maurin et al., 2014) . (Ackermann et al., 2012; Adriani et al., 2013; Accardo et al., 2014) and predicted PF, including "background" contributions from D10 indicated by a solid green line, and the MSP contribution from this work. We use the same colour scheme and line styles as in Figure 2 to distinguish between values of ε and B eff (see legend).
